We prove the analytic continuation of a certain family of Whittaker Archimedean integrals that arise as local factors of global L-functions associated to the standard representation of certain classical groups.
Introduction
In this paper we use a variation of Wallach [W] to prove the meromorphic continuation of a certain type of integrals. Our motivating example comes from the construction in [PS-R] generalizing Andrianov's construction of the L-function for Siegel modular forms [A] . The work in [PS-R] also explains the local-global structure of Andrianov's proof by introducing a new principle which enables us to get Euler products in some cases when there is no uniqueness of some appropriate "Whittaker model". In this paper we are concerned with the meromorphic continutation (in the Archimedean case) of integrals of such type as those encountered in [PS-R] . Let us review the basic construction in [PS-R] so that we can keep this example in mind.
Let G = Sp(n), the symplectic group of rank n, regarded as an algebraic over Q (we take Q instead of a global field just for the sake of simplicity). Assume that n is even. Let T e M(n ,Q) be symmetric and nondegenerate, and 0T the orthogonal group of T. Consider the oscillator representation io ( which corresponds to the reductive dual pair (0T , Sp(rt)) and a fixed nontrivial character y/ of Q\A ( A is the ring of adeles of Q ); a> may be realized on S(M(n , A)), the space of Schwartz-Bruhat functions on M(n , A). For <fi m S(M(n , A)), consider the 0-series eT(g)= Y. <*(g)<t>(x), geG (A) . x<EM(n ,Q) ** Let P be the parabolic subgroup (0*) of G, and let E(g,s)= J2 fiyg.s) yeP(Q)\G(Q) be a properly normalized Eisenstein series corresponding to the representation Indp A) | det |i+"+ . See [PS-R] for the precise normalization. Let n be an irreducible, automorphic, cuspidal representation of (7(A). Consider for a cusp form q> in the space of n , the integral
For Re(j) large enough, this integral equals
Here N is the unipotent radical of P and <pT(g)=( ys-'drTX^U1" f\g)dX:
Let S be a large enough finite set of primes, containing oo, outside of which all the data of I(s) is "unramified". Let Q be a finite set of primes of Q containing S. Put
J(s) = IJs).
Let <t> = ®<pp, f = (£)f"; then it is proved that for a prime p not in Q L(i , Xt • s+j) *s tne standard L-function of np twisted by xT >trie quadratic character associated to T (at the prime p ). Thus
where Ls(n,xT,s+2-)= Yl L(np,XT,s + \).
P<tS
Next, it is possible to show that at the finite primes of S one can choose (¡> and / such that m = f <pT(g)co(g)<p00(in)f00(g,s)dg.
JN(K)\G(R)
By the Iwasawa decomposition J(s) has the form
(K is the maximal compact subgroup of G(Ä) ). Assuming that (¡> has the form P(x)e~"ni xx), where P(x) is a polynomial in x (this is a stable subspace of (S(M(n , R)), under (¿»(K^)), it is easy to see that the meromorphic continuation of J(s) is determined by that of / ^7-(é?)</'00(c?)l det gf~x/2 xT(det g) dg JGL{n,R) and even simpler, using the Cartan decomposition for GL(« , R), it is enough to consider integrals of the form
Here a = diag(axa2...an ,axa2...an_x , ... ,axa2 ,ax), v isa Kx-finite vector in the space of n^ . X is a linear functional obtained as follows. Fix a vector vp in the space of n for all (finite) primes, so that v is unramified for almost all p. Let <pv be the cusp form corresponding to v <g> ((g) v ). Let í bea matrix coefficient on K! = K^ n GL(« , R), then
<f> is in S(R").
The integral (A) converges absolutely for Re(sx) > 0 and all s2, ... ,sn . To obtain meromorphic continuation in sx , we use a variation on Wallach's method [W, Theorems 5.8 and 7.2] . For that we have to obtain an asymptotic expansion of X(7ioo(a)v) in ax , determining an explicit dependence of the expansion on a2, ... ,an. This is the main theorem of our paper. The basic property of X that we need is that of certain moderate growth which is analogous to (7.1) in [W] . The fact that the functional X in (B) is defined through the Fourier coefficient q>T leads us to call the integrals in question "Whittaker integrals".
Notation
(a) G = GR, the real points of a reductive group G, defined over R. We assume that G = G = H Ker x , X running over the continuous homomorphisms of G into R*. Let & be the Lie algebra of G. Let V be a finitely generated admissible (2* ,K) module, and (n ,ß?) an admissible representation on a Hubert space %? such that V is isomorphic to %?K, the subspace of AT-finite vectors of %?. We identify V = %?K. Let Vx be the (7-module generated by V. Let X e V*, the algebraic dual of Vx , satisfy the following conditions:
(1) For v e V, the function g >->■ X(n(g)v) is in C°°(G), and for g e G,
XeSr,
(2) There is a ß G R, such that for A" G W(JV) and t; G F, there is a polynomial /^ tl in / -1 variables with positive coefficients satisfying \X.X(n(ata)v)\<PXv(eh.e")eM'.
We put Px,M') = px.v(eh.**)• Let <j>'p be the subset of roots y in <f>(PQ , /i0), such that the unipotent subgroup corresponding to y lies in N. Let b be the maximal coefficient in the expression y = ^2i=2 «,«,. when y runs over <j> . Define L(a')^(j[a'A ( a is always in Ker a, DA^). 
JK1
It is easy to see that X satisfies the conditions (1), (2) as well. I\(n(g)v) and X(n(g)v) are bounded functions of g in G).
(Actually 2.3. Put H = -H. . We are at the situation of §7.2 of [W] , where an 'i • asymptotic expansion is derived for X(n(at)v) as t tends to infinity. Our task is to estimate the polynomials pi n(t ,v) of the expansion when v is replaced by n(a')v . So, we also consider the finite set Ek(P , V) of the eigenvalues of H acting on the finitely generated admissible space V/yV V. H-vi = z2buvj + wiwieJr v-;'=i So, putting F(t,a',v) we have /X(n(ata')vx)\ \X(n(ata')vn)) G(t,d ,v) ' X(n(ata')wx) X(n(ata')wn) -F(t, a! , v) = BF (t, a , v) + G(t, a , v) .
Solving, we get Extend y/(t, a , v) to be zero on/ F, and (5) is still true because of (1). It remains to note that by definition Proof. For the integration over 0 < t apply (5) and (6) of the proof in (2.4). For the integration over t < 0, there is no problem of convergence by our assumption on X and the presence of <f> in the integral.
2.6. Going to the example explained in the Introduction, we obtain (using the notation there)
Corollary. The integral I y>T(g)<p00(g)\detg\s-X/2xT(detg)dg JGL(n ,R) (which converges absolutely for Re(s) » 0 ) admits a meromorphic continuation to the whole plane.
